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Abstract 

We point out that the existence of global symmetries in a field 
theory is not an essential ingredient in its relation with an integrable 
model. We describe an obvious construction which, given an integrable 
spin chain, yields a field theory whose 1-loop scale transformations are 
generated by the spin chain Hamiltonian. We also identify a necessary 
condition for a given field theory to be related to an integrable spin 
chain. 

As an example, we describe an anisotropic and parity-breaking 
generalization of the XXZ Heisenberg spin chain and its associated 
field theory. The system has no nonabelian global symmetries and 
generally does not admit a supersymmetric extension without the in- 
troduction of more propagating bosonic fields. For the case of a 2-state 
chain we find the spectrum and the eigenstates. For certain values of 
its coupling constants the field theory associated to this general type 
of chain is the bosonic sector of the q-deformation of J\f = 4 SYM 
theory. 



1 Introduction 

The dilatation operator at 1-loop level in Af = 4 supersymmetric Yang-Mills 
theory (SYM) has been subject to extensive investigation over the past few- 
years. A surprising result was that its action on gauge invariant operators 
can be mapped into the action of the Hamiltonian of a spin chain on the 
vectors in its Hilbert space. The first steps in this direction were taken in 
PP where it was shown that the action of the 1-loop dilatation operator on 
scalar operators can be described by an SO (6) spin chain in the fundamental 
representation. Other bosonic sectors of M = 4 SYM enjoy similar properties 
(see e.g. [2 ). Combining these results as well as some partial supersymmetric 
extensions |3] led to the realization that the dilatation operator for the full 
theory is described by an PSU(2, 2|4) spin chain jlj. In this context, the 
continuum limit of some of the bosonic spin chains and their relation to a 
two-dimensional sigma model were discussed in j^J. 

An apparently different integrable structure was found in the world sheet 
theory of the bosonic string jB] and superstring [7j in AdS§ x S 5 . Through the 
AdS/CFT correspondence, this translates into a certain algebraic structure 
in M = 4 SYM which was shown jS] to be consistent with the PSU(2,2\4) 
spin chain representation of the dilatation operator. 

More involved collections of operators in M = 4 SYM also have certain re- 
lations with integrable models. The world sheet theory of strings in AdS$ x S 5 
expanded around certain semiclassical solutions |Hj has a description in terms 
of integrable models (see [TU] and jTTj for a review). Then, the AdS/CFT 
correspondence implies that the set of operators dual to excitations around 
this semiclassical configurations should exhibit a similar integrable structure. 

The dilatation operator at higher loops can also be described as an oper- 
ator acting on the spin chain appearing at the 1-loop level E] . Its inter- 
pretation as a deformation of the spin chain Hamiltonian remains, however, 
an open question. 

The relation between field theories and integrable models is not lim- 
ited to very symmetric theories like M = 4 SYM. For example, orbifolds 
of M = 4 SYM in the planar limit were discussed in [12] . In the realm 
of non-supersymmetric theories, it was argued in pi] that in certain QCD 
processes the summation of Feynman graphs leads to an integrable model 
[T3| . Following this line of reasoning, it was shown (see e.g. ^2]) that vari- 
ous collections of operators are closed under scale transformations and their 
anomalous dimensions were determined. 
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Given this amount of evidence it is interesting to ask which 4-dimensional 
field theories can exhibit an integrable structure in the sense reviewed above. 
Some general observations immediately come to mind. For example, planar 
orbifolds of theories exhibiting an integrable structure will continue to have 
one due to the "inheritance principle" JB]. Indeed, it was shown that in 
such theories all planar diagrams are inherited from the parent theory, up 
to a trivial rescaling of the gauge coupling. Also, deformations by operators 
of dimension two do not affect the 1-loop scale transformations and thus 
preserve whatever integrable structure the undeformed theory might posses. 

A complementary approach to the question formulated above asks which 
integrable models can describe the 1-loop dilatation operator of some field 
theory. If the field theory is in the planar limit, the choice is limited to 
models which have a lattice description with nearest neighbor interactions - 
a spin chain. 

In this note we will take a small step in this second direction. Starting 
from a general integrable spin chain with only nearest neighbor interactions 
we show that its Hamiltonian is the 1-loop dilatation operator for some sector 
of a family of 4-dimensional field theories. The general construction of the 
field theory associated to a given spin chain described in §21 is straightfor- 
ward and does not require the spin chain to have any symmetry properties. 
Depending on the detailed properties of the spin chain Hamiltonian, it is 
sometimes possible that the resulting Lagrangian is part of a supersymmet- 
ric theory. The construction implies a necessary condition for a given field 
theory to be related to an integrable spin chain and suggests a way to attempt 
to engineer a spin chain once a field theory is given. 

We then proceed to analyze in detail an example. With the eventual goal 
of constructing a spin chain description of the q-deformation of the M = 4 
SYM theory ^7] , ^H] , we construct in £J21 an anisotropic spin chain with 
broken parity invariance. Though we will be interested in a fixed number of 
states per site, this number is kept arbitrary. We then construct its associated 
field theory and find the constraints for it to be supersymmetrizable. In £@]we 
briefly review the q-deformation of the M = 4 SYM, show that it matches the 
theory derived in §21 and identify the sectors described by the corresponding 
spin chain. In §S] we use the Bethe Ansatz to diagonalize the spin chain 
describing a 2-field sector of the theory. We also explicitly construct some 
low dimension eigen-operators of the dilatation operator. In §7| we discuss 
possible extensions of this example. 
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2 A trivial construction 



Let us consider an one- dimensional lattice integrable model with nearest 
neighbor interactions and periodic boundary conditions 1 . Its Hamiltonian 
takes the usual form 

j 

H J = Y / H n , n+1 J+l = l (1) 

71=1 

where the index n labels the chain site and we assume that H n ^ n+ i is inde- 
pendent of n. Each term in the sum (JTJ) acts in the obvious way: 

H n , n+1 : V n ® V n+1 ->V n ® V n+1 (2) 

and V% is the space of states at the i-ih lattice site. 

This data suffices to construct a 4-dimensional field theory whose genera- 
tor of scale transformations at 1-loop acts on a special class of scalar operators 
of bare dimension J as Hj, up to the addition of the identity operator. The 
construction is completely trivial. Consider the Lagrangian 

C = J2 TrfyhPF] + £ TrfahPflHf* + £ Tr[^M k }Ag , (3) 

i i,j,k,l i,j 

where the fields <fi are nxn matrices (with arbitrary n) and H and A are, for 
the time being, arbitrary coefficients. A simple computation implies that, at 
the planar level, 1-loop scale transformations act on the holomorphic opera- 
tors with fewer than n 2 fields as 

^ = AE[^C? 1 + «CCt 1 ] • ( 4 ) 
^" »=i 

In deriving this equation we used dimensional regularization and set all tad- 
pole diagrams to zero. The first term arises from the intrinsic renormalization 
of the operator while the second term arises from the renormalization of the 
constituent fields (the Lagrangian (J3J) leads to a = 0, but we keep a unspeci- 
fied for further convenience). Thus, the spin chain (|1J) diagonalizes the action 
of the dilatation operator on holomorphic operators in the theory (J5J) with 

H = H ntn+ i , (5) 



lr The periodic boundary condition can easily be replaced with a twisted-periodic one. 
More general boundary conditions are also possible. 
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while A remains arbitrary. In fact, we can insert an arbitrary multiplicative 
constant in the relation above. This coefficient will appear only as a multi- 
plicative factor between the eigenvalues of the spin chain Hamiltonian and 
the anomalous dimensions of field theory operators. 

We have therefore shown that, given any integrable spin chain, there exists 
at least one field theory whose 1-loop dilatation operator acts on certain 
operators as the Hamiltonian of the spin chain. 

Under certain conditions it is possible to construct field theories such 
that the holomorphy constraint is absent. Indeed, if after lowering the upper 
indices the spin chain Hamiltonian is cyclically symmetric up to the addition 
of the identity operator 

H kl > H k l;ji (6) 

Hki-ji + PSkjSu = Hij-ik + ftSuSjk = Hji-ki + pSjkSu = Hik-ij + (35u5kj 

then the computation leading to (HJ) implies that the 1-loop dilatation oper- 
ator of the theory with Lagrangian 

£ = \ E Tr[d^d^ 1 } + Tr[0W0'](tffc^ + P5 kj S H ) (7) 
1 i 

is diagonalized by the eigenstates of the spin chain Hamiltonian. 

There are further theories, with similar properties, which differ from (J3J) 
and ((Zj) by the addition of "flavor-blind" interactions. Such interactions (e.g. 
gauge interactions) contribute only to the coefficient a of the identity oper- 
ator in (@J and thus do not modify the integrable properties of the 1-loop 
dilatation operator. From a field theory standpoint the different combina- 
tions of the terms described above lead to theories which are completely 
independent, though they can be occasionally deformed into each other by 
adjusting the coupling constants. It is however the case that the anoma- 
lous dimensions of operators in appropriate sectors are not independent, but 
they are determined by the eigenvalues of the transfer matrix of the same 
integrable spin chain. 

2.1 A necessary condition for 1-loop integrability 

As it is well known, a quantum integrable system is defined by its R-matrix 
which is a solution of the quantum Yang-Baxter equation (QYBE) 

Ri2 b a ^M ~ ^tliminlW = ^3S^)^i3S 3 3 (A) J Ri2gg(A - n) . 

(8) 
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The R-matrix determines the transfer matrix which can be used to recon- 
struct the Hamiltonian of the system. More precisely, the logarithmic deriva- 
tive of the transfer matrix evaluated at the value of the spectral parameter 
for which the R-matrix becomes the permutation operator is a spin chain 
Hamiltonian with only nearest neighbor interactions (0) with 

OR 

^,n +1 oc-| A ^ R(X )=V . (9) 

Consequently, the discussion in the previous section implies that the R-matrix 
of an integrable system is closely related to the coefficients of the 4-point 
interaction terms in the Lagrangian of the associated field theory. 

Finding solutions of the QYBE is in general a complicated task. The sim- 
ple observation made above yields a simpler (though still algebraically rather 
involved) criterion for testing whether a given 4-point scalar interaction can 
be related to an integrable spin chain. 

The idea is very simple: by taking one derivative of the QYBE with 
respect to A and evaluating the result at specific values for /x and A we 
obtain a constraint on H. The most obvious choice, A = Ao = fi, leads to no 
useful constraints. A better choice turns out to be 

A ^ oo /i^oo A — /i = Ao • (10) 

This limit is easy to analyze because for infinite spectral parameter the R- 
matrix becomes 

R(X) = l®l+^ + 0(l/A 2 ) (11) 
A 

where r is a solution of the classical Yang-Baxter equation: 

[ri2, r 13 ) + [ria, r 23 ] + [r 13 , r 23 ] = . (12) 

Similarly to Rij, acts on Vi <8> Vj and the commutators are taken over 
repeated indices. 

Interpreting H\ 2 = as an operator acting on V\ ® V 2 , simple algebra 
leads to the conclusion that, for H\ 2 to be related to an integrable spin chain, 
it is necessary that 

[VH 12 , r 23 ] + [VH 12 , r 13 ] = (13) 

where r is a solution of the classical Yang-Baxter equation and (VH)^ = H^. 
It is worth pointing out that the equation (JT3j) is insensitive to the freedom 
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of adding the identity operator in the relation between the spin chain and 
the 4-point coupling in the field theory Lagrangian. 

Thus, the conclusion is that for a given field theory with only 4-point 
interactions to have a chance to be related to an integrable spin chain, the 
equation (JT3j) must be satisfied with if i2 being the coefficient of the 4-point 
coupling and r being a solution of the classical Yang-Baxter equation. As an 
example let us briefly ilustrate this constraint with the holomorphic sector 
of M = 4 SYM. In this case, if is a linear combination of the identity 
operator and permutation operator. The equation (|T3|l is satisfied if r is 
also the permutation operator, which also satisfies the classical Yang-Baxter 
equation. 

2.2 Symmetries 

The Lagrangians (j3J) and (J7|) have the same symmetries as the Hamiltonian of 
the integrable spin chain they are based on. Some integrable spin chains have 
Hamiltonians which are invariant under the action of some group G. In such 
situations the fields 0* transform in some representation of the symmetry 
group. This is, however, the exception rather than the rule, since probably 
most integrable models have no nonabelian continuous bosonic symmetries. 
In w e will construct such a model and analyze it in detail. 

An interesting question is whether the Lagrangian (j3J) can be embedded 
in a supersymmetric theory. It is easy to see that fermions can be added 
to (jSJ) without spoiling the integrability of Indeed, Lorentz invariance 
guarantees that at 1-loop level the only contribution of fermions to the scale 
transformation of bosonic scalar operators is through the wave function renor- 
malization and thus affects only the precise value of the coefficient a in (0J). 

Since the scalar fields in chiral multiplets are complex, it is natural to 
start with a field theory Lagrangian of the type (j3J). Requiring that it is su- 
persymmetrizable imposes certain factorization constraints on the spin chain 
Hamiltonian since the interaction term in (j3J) must be positive semidefi- 
nite. Thus, we find that H nt7l+ i must factorize as 

Hn,nWu = Y.Y.CM kk lC M ^ (14) 

k M k 

where the bar denotes complex conjugation and the ranges of the indices k 
and Mk are fixed by the solution of the factorization problem. 
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Even if H has this property, the generic situation is that the sum of the 
ranges of M& exceeds the range of % and j. Then, the Lagrangian (jHJ) can 
be only a subsector of a larger theory, since it is necessary to add at least 
Yjk \Mk \ —n extra fields. If this difference vanishes or equals unity the theory 
is special in the sense that, depending on C, it may not require extra fields for 
it to be supersymmetric (vanishing difference) or just one extra field which 
may be a gauge field (unit difference). 

A full classification is cumbersome (and perhaps not very illuminating) 
without making further assumptions on H and C . We will therefore leave the 
general discussion and proceed to analyze in detail a specific example. In the 
next section we construct an integrable spin chain which is a deformation of 
one with U (K) invariance. In general, the resulting chain has no continuous 
nonabelian symmetries. For special values of the coupling constants the 
associated field theory can be embedded in a supersymmetric one. It will 
turn out that, if each site supports two states (K = 2), this chain describes 
the holomorphic operators in a 2-field sector of a q-deformation of M = 4 
SYM with arbitrary deformation parameter while for three states per site 
it describes all holomorphic operators of the q-deformation of M = 4 SYM 
with a pure phase parameter. 

3 An anisotropic spin chain with broken parity 

As an example of the previous discussion, in the remainder of this note we will 
describe in the language of integrable spin chains (part of) the holomorphic 
sector of certain deformations of M = 4 SYM theory which break its R- 
symmetry to a U(l) 3 subgroup. 

Since the R-symmetry of M = 4 SYM restricted to the holomorphic 
sector is SU(3) we should in principle look for R-matrices which act on the 
3-dimensional representation of SU (3) but do not posses this symmetry. We 
will however keep the discussion general and construct an R-matrix acting 
on the fundamental representation of U(K). The advantage of doing this is 
that the result can be used to describe smaller sectors of the field theory. We 
will analyze in considerable detail a 2-field sector of the theory and find the 
spectrum of scaling dimensions of all chiral operators in this sector. 
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3.1 The R- matrix and the spin chain Hamiltonian 

Parameter-dependent R-matrices are a common feature in the theory of quan- 
tum groups. Besides the spectral parameter A, R also depends on the quan- 
tum deformation parameter q. There also exist quantum groups with more 
than one deformation parameter. Their associated R-matrices will depend 
on these parameters and are clearly not invariant under the undeformed sym- 
metry transformations. Even more general parameter-dependent R-matrices 
can be constructed. 

Non-symmetric solutions of the quantum Yang-Baxter equation (JSJ) are 
usually constructed on a case by case basis. Defining (e y )jy = 5 % k 5j with 
i, j, k, I = 1, . . . , K, it is easy though rather tedious to check that a solution 
of © is 

R(\) = (g 1+aA - g- 1_6A ) £ eii ® e " + (<f A - V~ bX ) E e ° lJ e " ® e " 

i tyj 

+ (q - q- 1 ) L aX ]T e ij ® e ji + q~ bX ]T e ij ® eA (15) 

\ i<3 i>3 J 

where A is the spectral parameter while a, 5, q and free 
parameters. Similar R-matrices appeared in J§JI2n|- This R-matrix has all 
the properties described above and we will take it as the starting point of 
our construction. 

Choosing the Lax operator to be the R-matrix, the monodromy matrix 
T, which is a solution of the equation 

R 12 (X - /i)(T(A) ® T(ja)) = (T(ji) ® T(\))R 12 (\ - y) (16) 

and the transfer matrix are constructed out of (JT5j) in the usual way: 

v'v Oi;ix— «n aih 0212 " " " «n-i*n-i a n i n \ LI ) 

a,2, ...a n 

rWtt = H T m^:Z ■ ( 18 ) 

a 

In the construction of the Hamiltonian, an important value of the spec- 
tral parameter is the one for which the R-matrix becomes the permutation 
operator and the monodromy matrix becomes the shift operator. In our case, 
this value is A = 



J2(0) = {q- q' 1 ) £ e« ® = (g - g^P 7$ = <S$ • (19) 
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It is then easy to see that the transfer matrix evaluated at vanishing spectral 
parameter is the generator of shifts along the chain. 

The Hamiltonian of the spin chain is the logarithmic derivative of the 
transfer matrix evaluated (for the present case) at A = 0. The equation (fTU|) 
implies that it is a sum of nearest neighbor interaction terms, each of which 
is, up to normalization, the derivative of the R-matrix evaluated at A = 0: 



n,n+l 



—blnq 



1 - A V 



+ A 2 £< 



J3 
-n+l 



e %% 4- 

e n+l 



q(l - A 2 



n 



3J 



(20) 



Kj i>j 

where we defined A 2 = —a/b. 

We are now ready to construct the field theory associated to this spin 
chain. In the construction above the range of the indices of the R-matrix 
was not fixed. In the following sections however we will be interested in 
specific cases in which i and j take two or three values 2 . 



3.2 The associated field theory 

To illustrate the construction in J2]we will write down the associated field 
theory first for e* J generating U(2) and then for arbitrary range for its indices. 
In the first case e* J can be expressed in terms of the usual Pauli matrices 



,12 



a 



.,21 



a 



,ii 



in 

2 



a 



,22 



- 1 - <r 
2 



(21) 



The resulting spin chain is a parity-violating 3 extension of the XXZ Heisen- 
berg chain. The latter is recovered in the limit q — > 1, a —>■ and a —>■ —b 
taken in this order at the level of the R-matrix. It is easy to see from (J2(Jj) 
that this extension does not include the XYZ spin chain. As in the case of 
the XYZ chain, the natural U(2) symmetry of the system is broken by the 
presence of the various relative coefficients in (j20|) . 

From the construction in the previous section, a field theory associated 
to this spin chain has the following Lagrangian: 



C = Tr 



— Fblnq 



q(l- A- 
1 -q 2 



^2 71 



+ e" 



;iV2<, 



H72 



2 Alternatively, e u generate U(2) and U(3), respectively. 

3 For a ^ —b the interactions to the left are different from those to the right. 
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1 — 



(22) 



where the coefficients identify the origin of each of the terms above in equa- 
tion (|2U|) and the coefficient F reflects the freedom to rescale the spin chain 
Hamiltonian. 

It is also not possible to extend (}2*2*j) to a supersymmetric Lagrangian 
without adding at least three more bosonic fields. As it is well known, a 
theory admits a supersymmetric extension if its potential is a sum of squares. 
There are many ways one can attempt to arrange the terms in ()22)1 in this 
fashion. Furthermore, as pointed out in £0 there also exists the freedom of 
adding terms which do not contribute to planar Feynman diagrams. Keeping 
this in mind, a useful way of writing (}2*2*|) is 



C = d(f>idft - Flng[A;|0 1 2 -iy0 2 1 | 2 + C , (0 1 1 + 2 2 )(0 1 0i + 2 02) 
+ A020 1 2 1 + S0 1 2 1 2 ] (23) 

where 

q(l-A 2 ) — q(l-A 2 ) 1-AV 
A = kW + b^ ^e a B = kW + b^ ^e~ a C = b- q 



1 — q 2 1 — q 2 1 — q 2 

y e-*') iwf = I 

1 — q 2 q 2 



k = -b^-\ —L \W\ 2 = ± (24) 



By adding terms contributing only to nonplanar (and perhaps self-energy) 
diagrams, the last term on the first line can be written as a perfect square 
of an imaginary object. Nevertheless, the Lagrangian (|23jl cannot be super- 
symmetrized as long as A ^ and B ^ 0. It may already be clear and we 
will see it in detail in 21 that if A and B vanish, this theory is (part of) the 
q-deformation of the Af = 4 SYM. 

In the general case, the interaction Lagrangian of the field theory associ- 
ated to the spin chain (j^Ujl is just 



"" C £0# + E kjlMj-Wirfjfal 2 (25) 



Fhiq 




i<j=i 

+ X Aj4>j4>i4>j4>i + H.jOiOjOjO, . 
i<j=i 

It turns out that ky = k and \Wij\ = \W\ for all indices i,j = 1 . . . n while 
A^, F>ij and the phase of Wij can be obtained from (J24|) by replacing a with 
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atij. As before, if the terms on the second line vanish, this Lagrangian can 
be supersymmetrized by adding an appropriate number of fields as well as 
the appropriate "nonplanar" terms. 

It is important to note that the coefficient C in the equations (J23j) and (|2*5j) 
is not fixed. Indeed, we are free to add the identity operator to (J2U|) without 
changing the eigenvectors and shifting the eigenvalues by its coefficient. This 
freedom will be important in the next section. 

4 The q-deformation of M = 4 SYM 

In this section we will show that the supersymmetric limit of the Lagrangians 
(|2*3Jl and describe, respectively, a 2-field sector of a q-deformation with 
generic deformation parameter of the M = 4 SYM and the full holomorphic 
sector if the deformation parameter is a pure phase. 

There is no a priori reason to expect that deformations of Af = 4 SYM 
should have integrable structures. Various sectors of Af = 4 SYM are de- 
scribed by certain integrable spin chains and some of them have deformations 
which preserve the integrability. Usually, such deformations are, however, 
rather difficult to find. The spin chain constructed in §21 is an integrable de- 
formation of the U (K) symmetric chain in the fundamental representation. 

Let us begin by reviewing the q-deformation of the Af = 4 SYM. The 
superpotential is given by 

W = Tr[$i($ 2 $3 - w$ 3 $ 2 )] • (26) 

This deformation preserves Af = 1 supersymmetry and breaks the SU(4) 
R-symmetry to U(l) 3 . Integrating out the auxiliary fields and restricting to 
the scalar sector the interaction terms are 

V = Tr[ |0 X 2 - ^0201 | 2 + |0203 - W(p 3 (p2\ 2 + 10301 - wfafa] 2 ] 

+ Tr[ ([0i, 1 ] + [0 2) 2 ] + [03, 3 ]) 2 ] (27) 

where the first three terms arise from integrating out the auxiliary fields 
in the chiral multiplets while the last term arises from integrating out the 
auxiliary fields in the vector multiplet. 

A brief look at the appropriate Feynman diagrams shows that, as in the 
case of Af = 4 SYM (w = 1), operators built out of only two scalar fields 
form a sector closed under scale transformations. Furthermore, due to the 
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large N limit, the terms contributing to the 1-loop scale transformations of 
these operators are obtained by setting one of the fields (say 3 ) to zero as 
well as keeping only the terms in which the conjugate fields appear next to 
each other 

V = Tr[\<h<h- W>20i| 2 ]-2Tr[(0 1 1 + 2 2 )(0Vi + 2 2 )] -(28) 

Comparing this expression with the supersymmetric limit of (J23j) we find that 
they are identical provided that we set 

A = B = W 

C 

w = W F k\nq = 1 — 

k 

The first four identifications are rather straightforward. The fifth one fixes 
A in terms of the absolute value of w. It is worth pointing out that all the 
free parameters appearing in the Hamiltonian ()20|) were necessary to recover 
the details of pSj). 

As pointed out in the previous section, the relative coefficient between 
the two terms in (|28|) has no consequence in this match, since it is possible 
to adjust it by adding the identity operator to the spin chain Hamiltonian. 
The holomorphic operators in the 2-field sector have the following structure 

n 

= Tr[J{4>Tm (31) 

with arbitrary n, rrii andp^. We will construct the eigenstates of the generator 
of scale transformations in £0 In the limit w — > 1 these operators reduce to 
those discussed in |2*Tj . 

The three field sector can be matched with the Lagrangian (J25|) for n = 3. 
In this case however there is a further constraint which arises because of the 
different order of fields in (J23j) . Indeed, after adding terms which do not 
contribute in the planar limit, adjusting the coefficients F and C in (I25|) and 
taking the supersymmetric limit, the Lagrangian associated to the 3-state 
spin chain becomes 

V = Tr{[(j> x , fi} + [<f>2, 2 ] + [03, 3 ]) 2 (32) 

+ Tr |0!02 - 1^120201 1 2 + 10203 - ^230302| 2 + 10103 - ^130301 1 2 • 



a = i(3 (3 G 
1 - AY 



q 2 (l - A 2 



(29) 
(30) 
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where Wij = g _1 e l/3iJ with = ify, similar to the two-field case. Thus, it 
matches the terms in (J27|) contributing to the 1-loop scale transformations 
of holomorphic operators 



only if w = W12 = W23 = Wis is a phase. This constraint amounts to taking 
the limit q — > 1 at the level of the Hamiltonian (j20j) . This is a rather singular 
limit, which should be taken after the supersymmmetry conditions Ajj = 
Bij = are imposed. It may be possible to relax the constraint that |iu| = 1 
by considering an even more general R-matrix. Finding the eigenvectors of 
the generator of scale transformations requires the diagonalization of the 3- 
state spin chain Hamiltonian, which can be achieved through a nested Bethe 
Ansatz. 

5 The Bethe Ansatz in the 2-field sector 

We will now diagonalize the Hamiltonian (|2(J|) under the assumption that (e u ) 
generate an SU (2) algebra. Since a systematic construction of the eigenstates 
relies on the details of the diagonalization procedure, we will describe it in 
some detail. Following [22], we will use the Algebraic Bethe Ansatz. This 
method also applies to spins with more than two states per site, as it was 
discussed in j20] for slightly different though very similar Hamiltonians. 

To fix the notation, if (e* J ) generate an 577(2) algebra in the fundamental 
representation, the monodromy matrix acts on a two-dimensional auxiliary 
space; its entries are operators which act on the quantum states 



If the spin chain has J sites, the operators A, B, C and D act on the tensor 
product of J copies of the fundamental representation of SU(2), in spite of 
the fact that they are not SU(2) invariants. From ()34|) it follows that the 
transfer matrix is 



n 



O = Trll[ <PT<P P 2<Pt] (V) n, m h Pi and q t 



(33) 



i=l 




(34) 



r(\) = Tr aux T(X) = A(\) + D(X) 



(35) 
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We will consider the following general R-matrix 

(U\fi) o o 

1 N fc(A,/i) PICA,/*) 

V o o o fi(\,ti)J 

f u (X — fx), etc. In this section we will not need the specific 



(36) 



with f u (\,n) 

forms of /, g, h and k. They are fixed by the QYBE, up to an overall 
multiplicative function of A. Clearly, (JT5|l is of this type. 

The equation (j!6|) implies certain commutation relations between the 
entries of the monodromy matrix evaluated at different values for the spectral 
parameter. For the present discussion, the most important ones are 



[A(X), A(ji)] = 
[C(A), C(/i)] = 



B(/i)B(A) 



9i(\v) 



[B(X), BO*)] = 
[B(A), D(fi)] = 

B(\)A(p) - ^4b^)A(X) 



B(A)B(/i) 



9i{\v) 
fc(/x, A) 



B(//)B(A) 



(37) 
(38) 

(39) 
(40) 



which suggest that B and C can be interpreted as creation and annihilation 
operators. Thus, using a pseudo- vacuum state |0) satisfying 

A(A)|0) = o(A)|0) D(A)|0) = d(A)|0) C(A)|0)=0 (41) 
the ansatz for the level N eigenstates of the transfer matrix is: 



A' 



i*iv({A;})> = n^)io> 



(42) 



i=l 



Requiring that (|42j) is indeed an eigenstate of the transfer matrix leads 
to the Bethe equations, which constrain the arguments Aj of the creation 
operators appearing in |\I/jv({Ai})). Using (|37j) - (J3U|) it is fairly easy to find 



that 



N N 

A^^X,})) = A|^({A,})) + £ A n B(//) n B{Xi)\0) (43) 

n=l i—l 
N N 

D(^ N ({Xi})) = A|**({A<})) + £ A„B(//) J] S(A*)|0> (44) 

n=l i=l 
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with the coefficient functions A given by 

A n — — G^A n J — — r _[J_ tt r— r- A n — — — -; — — - _[ | 



9i(K,v) ~=i 9i(k, A n ) "" ' gi(fi, X n ) fJi gi(K, k) 

In the equations above A and A arise from using the first term in (|39[) and 
(j4"Uj) . respectively. The other (2 J — 1) terms, coming from commuting A past 
the J factors of B, combine into A n and A n . To see that the expressions 
quoted above are correct we first note that (J42)) is completely symmetric in 
Aj which implies that it is enough to compute Ai and Ai. They arise from 
using the second term in (|59*|) and (f4"Uj) for pushing A and D past B{X\) and 
the first term in those equations for the remaining commutators. 

The equations (J43|) and (J44j) imply that the vectors (|42j) are eigenvectors of 
the transfer matrix if the terms depending on B(/j) cancel out. This condition 
leads to N equations which determine the arguments of the creation operators 
in terms of \i: 

A +A =0 <-> Q (-^") = -q /KAn,Aj) gi(Xi,X n ) ^ 

^(A„) i=1 f u (Xi, X n ) gi(X n , Ai) 

where we used the identity 

gi(n, X n )h(X n ,{i) = _ i 
gi(X n fjL)k(fi, X n ) 

which is a consequence of the QYBE. 

These are the Bethe equations. Interestingly enough, these equations do 
not depend directly on the off-diagonal entries of the R-matrix. The fact that 
the R-matrix is not symmetric is reflected by the lack of a simple relation 
between gi(Xi, Xj) and gi(Xj,Xi) (which are "usually" the negative of each 
other). 

There is an additional constraint on the arguments {Aj} of the creation 
operators B, which arises from the fact that we want to associate the eigen- 
vectors of t with single-trace operators. The cyclicity of the trace translates 
into the constraint that (|42|) is invariant under shift operator i(0): 

a( 4M +m uM)^ (48) 
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Out of the eigenvalues of the transfer matrix it is now trivial to construct 
the eigenvalues of the Hamiltonian, by taking the appropriate logarithmic 
derivative with respect to /x and evaluating the result at n — 0, as we did in 
(120)1 to construct the Hamiltonian: 



In the equation above eo arises from derivatives acting on a(/i) and d(fi), while 
€i contains the terms in which the derivative acts on the factor depending on 
Aj in A and A. In some sense, en can be thought as some "vacuum energy" , 
since it is proportional to the number of sites in the chain; its precise value 
depends on the normalization of the R- matrix. In the same spirit, e$ can be 
thought as the contribution of a single creation operator to the energy. 

It is now a simple exercise to apply these results to the case of the spin 
chain ()20j) and find the 1-loop anomalous dimensions of the holomorphic 
operators (J3TJ) in the theory (J25j) . Since the supersymmetric case can be 
obtained from the non-supersymmetric one by a specific choice of parameters, 
we will keep the discussion general. 

The diagonalization of the 3-state spin chain Hamiltonian can be achieved 
through the nested Bethe Ansatz. The analysis is fairly similar to the 2-state 
case, though substantially more involved. For the spin chain corresponding 
to the Izergin-Korepin R-matrix, this was described in detail in [23] . while 
spin chains similar to those in §21 were analyzed in [2D] . 



6 The eigenstates and eigenvalues 



We will now specify the solution discussed in §5]to the spin chain constructed 
in §31 In this case the entries of the R-matrix are (/(A) = /(A, 0), etc.): 



/«(A) = fi(X) 



,1+aA 



0u(A) = e' 
h{\) = (q 



V -6A 



l)q 



a\-l 



q -q 
k(X) = (g 2 



-1-6A 



,aA 



q -q 



-6A 



(50) 
(51) 
(52) 



The structure of the R-matrix implies that on each site the C operator 
acts as cr + . Thus, the vacuum state |0) corresponds to the operator 



On 



Tr Wi\ = I TT • • • T ) 



(53) 



J times 
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where J is the number of sites in the chain. In the ket vector notation the 
up and down arrows correspond to 1 and 2 , respectively. Thus, the arrows 
are cyclically-symmetric. This is important for correctly computing their 
normalization. 

From this choice of the vacuum state it is easy to see that a(ji) and d(/i) 
in (J41|) are given by 

a(fi) = f u (fi) J d(fj) = gi(n) J (54) 

Then, the vacuum and creation operator contribution to the eigenvalues of 
the transfer matrix are: 

_ aq + b/q (a + b)(q - l/q) lng 

Using (|52j) and (J54)) in (|46|) and taking the limit q — > 1 and a — > as well 
as shifting A by a constant recovers the classic equations for the XXZ spin 
chain 4 . 

The anomalous dimensions of the linear combinations of operators (|31jl 
corresponding to the eigenstates (jUj) are obtained from (jHHjl by using the 
parameters F, a, b and q determined by ((HQ)) as well as adding the contri- 
bution of the wave function renormalization. It is not hard to see that this 
leads to a vanishing anomalous dimension for the ground state (|53|) . as it 
should. It is interesting to note that this result holds even if supersymmetry 
is broken by having A ^ or/and B ^ 0. This can be easily checked from 
field theory considerations by noticing that the susy-breaking terms in ()23jl 
do not contribute to the 1-loop scale transformation of the operator dual to 
the ground state (jUJ. 

The eigenvectors are constructed by acting with the creation operators 
B(X) on Oq. The expression of B for arbitrary J is rather complicated 
and perhaps not very enlightening. Roughly speaking, the action of a single 
creation operator creates a "spin wave". Consequently, the eigen-operators 
have a structure similar to that of the BMN operators, except that the weight 
of each term is more complicated than just a phase. Let us illustrate this by 
explicitly computing the eigen-operators with 2, 3 and 4 fields. 

The entries of the monodromy matrix satisfy recurrence relations indexed 
by the number of sites in the chain. These relations follow from the expression 

4 From the equation (|55|l it is clear that the order of limits needed to recover the XXZ 
spin chain is the one stated below equation H21(l : q — > 1, a — > and a — > —6 
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of T in terms of the R- matrix. Denoting by A^, B^, and the entries 
of the monodromy matrix for a chain with N sites, the R-matrix is given by 



R(\) =P+ ®A! + P- ®D l + a + ®B 1 + (j- ®C-_ 



i 



(56) 



with Ax, Bx, Cx and Dx given by (J35Jl : 



Ax(X) = f u {\)P + + g u (\)P 
Ci(A) = k(\)cr 



+ 



Bx{\) = h{\)a- (57) 
Dx{\) = gi(\)P + + fi(\)P- (58) 



It turns out that the recurrence relations following from (|17j) are partly di- 
agonal, coupling only A N with B N and with D N . The relevant ones for 
our purpose are: 



It is fairly easy to see that, due to the cyclicity of the trace, the normalized 
eigen-operators with two and three fields are independent of the entries of 
the R-matrix. This is no longer the case for the operators with four fields 
which are more complex and (marginally) retain such a dependence: 



Here N was computed in the planar limit. As stated in the beginning of this 
section, the structure of the operator 0\ is similar to that of a BMN operator 
with two impurities, except that the phase weighting each term is replaced 
by powers of A. It is fairly easy to see that this structure persists for longer 
chains. 

7 Discussion 

The simple observations made in this note suggest a way to attempt to 
engineer a spin chain once a field theory is given. Generally speaking, once 
a bosonic field theory with only 4-point interactions is given, the interaction 



A N 
B N 



A N _x ® Ax + B N _x ® Cx 
A N _x®Bx + B N _x®D x 



(59) 
(60) 




(61) 
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terms provide "boundary conditions" for the quantum Yang-Baxter equation. 
If a solution obeying the boundary conditions exists, finding it may still be 
a difficult algebraic problem. The boundary conditions provide, however, an 
ansatz for part (if not all) of the terms in the R-matrix. A useful strategy in 
finding a solution might be to interpret (if possible) the theory of interest as 
a deformation of a more symmetric theory. 

The example described above admits a number of interesting generaliza- 
tions. At the bosonic level and both in the 2-field and 3-field sectors it would 
be interesting to relax the holomorphy condition on the eigen-operators. In 
the spirit of ^21 and one would attempt to construct a multi-parameter 
deformation of the 5*0(4) and SO (6) spin chains and fix the free parameters 
by matching its Hamiltonian with the field theory Lagrangian expressed in 
terms of real fields. 

Non-holomorphic operators in Wess-Zumino models have a simpler de- 
scription. To see this we first notice that planar F-term interactions do 
not switch the positions of holomorphic and anti-homomorphic fields. Thus, 
given a set of operators with fixed ordering of chiral and anti-chiral fields, 
it seems likely that the corresponding spin chain is inhomogeneous in the 
sense that some sites carry different states than the other ones. Inclusion 
of gauge fields seems, unfortunately, to spoil this simple picture, since the 
D-term interactions do not preserve the ordering of holomorphic and anti- 
homomorphic fields. 
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